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Abstract
We investigate C-compact and relatively pseudocompact subsets of Tychonoff spaces with a
special emphasis given to subsets of topological groups. It is shown that a relatively pseudocompact
subset of a space X is C-compact inX, but not vice versa. If, however, X is a topological group, then
these properties coincide. A product of two C-compact (relatively pseudocompact) subsets A of X
andB of Y need not beC-compact (relatively pseudocompact) inX×Y , but if one of the factorsX, Y
is a topological group, then both C-compactness and relative pseudocompactness are preserved. We
prove under the same assumption that, with A and B being bounded subsets of X and Y , the closure
of A×B in υ(X×Y) is naturally homeomorphic to clυXA× clυYB, where υ stands for the Hewitt
realcompactification. One of our main technical tools is the notion of an R-factorizable group. We
show that an R-factorizable subgroup H of an arbitrary group G is z-embedded in G. This fact is
applied to prove that the group operations of an R-factorizable group G can always be extended to
the realcompactification υG of G, thus giving to υG the topological group structure. We also prove
that a C-compact subset A of a topological group G is relatively pseudocompact in the subspace
B =A ·A−1 ·A of G. Ó 2000 Elsevier Science B.V. All rights reserved.
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1. Introduction
One of the most interesting problems in the theory of topological groups is to find
certain topological properties stable with respect to the product operation in the class of
topological groups which fail to be productive in the class of (Tychonoff) spaces. The
first (and the unique, as far as the authors know) “absolute” topological property meeting
these requirements was discovered by Comfort and Ross [10]: any Cartesian product of
pseudocompact topological groups is pseudocompact, but a well-known example of Novak
[30] shows that this is not the case when the factors are Tychonoff spaces. The Novak’s
example gives even more: there exist two countably compact Tychonoff spaces X and Y
such that the product X × Y is not pseudocompact. Surprisingly, it is a very difficult task
to construct two countably compact topological groups whose product is not countably
compact. All known examples of such products require extra axioms like the Continuum
Hypothesis CH or Martin’s Axiom MA (see [11,24,37]). The problem whether there exist
two such groups in ZFC is still open (see Question 2 of [1] and Question 1 A.2 of [9]).
On the other hand, the list of non-productive properties for topological groups is
quite long, it includes normality, the Lindelöf property, cellularity, countable tightness,
sequentiality, the Fréchet–Urysohn property, etc. (see [27,28,36]).
Our aim is to study certain “relative” properties of subsets of Tychonoff spaces and
Hausdorff topological groups. We deal with C-compactness and relative pseudocompact-
ness and establish some kind of stability of these properties with respect to the product op-
eration and taking certain subgroups. A subset A⊆X is called C-compact in X if any con-
tinuous function f :X→R takes A to a compact subset of R (see [8,17,18,25,26]). So, by
definition, a C-compact subset A of a space X is bounded in X, which means that all con-
tinuous real-valued functions defined onX are bounded on A. It is clear that a pseudocom-
pact space is bounded and C-compact in itself. Neither boundedness nor C-compactness
is a productive property: pseudocompact spaces X and Y with a non-pseudocompact prod-
uct X × Y give us a counterexample. It turns out that the situation changes completely if
the “enveloping” spaces in question have the topological group structure (see Theorem 2.2
of [32]):
Theorem 1.1. Suppose that for every i ∈ I , Ai is a bounded subset of a topological group
Gi . Then the product
∏
i∈I Ai is bounded in
∏
i∈I Gi .
This result generalizes the theorem of Comfort and Ross [10] on products of
pseudocompact groups and, in a sense, is a relativization of that theorem. Furthermore,
the above result admits the following generalization in the case of two factors:
Theorem 1.2. Let A be a bounded subset of a topological group G and B a bounded
subset of a space Y . Then A×B is bounded in G× Y .
In fact, Theorem 1.2 was implicitly proved in [32] (it suffices to combine Corollary 2.5,
Lemmas 2.8 and 2.10 of [32]). Our start point is the following result which also implies
the Comfort–Ross theorem (see Corollary 3 of [25]).
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Theorem 1.3. Let {Gi : i ∈ I } be a family of topological groups and for every i ∈ I , let Ai
be a C-compact subset of Gi . Then the set
∏
i∈I Ai is C-compact in
∏
i∈I Gi .
Thus, boundedness and C-compactness are (relatively) productive properties in the class
of topological groups. It is worth mentioning that the property of the factors Gα of being
topological groups in Theorem 1.3 can not be replaced by compactness even in the case of
two factors: there exist C-compact subsets A and B of the ˇCech–Stone compactification
βω of the discrete space ω such that A × B is not C-compact in βω × βω (see (4) of
Example 2.4). This still leaves a hope that if one of the factors X or Y is a topological
group, then the product A× B of C-compact subsets A⊆ X and B ⊆ Y is C-compact in
X× Y . To solve this central problem of the article, we use the following notion introduced
by Arhangel’skiıˇ and Genedi in [2] under a slightly different name.
Definition 1.4. A subsetA of a spaceX is called relatively pseudocompact inX, or briefly
r-pseudocompact inX, if any infinite family of open sets inX meetingA has a cluster point
in A.
It is easy to see that every r-pseudocompact subset of X is C-compact in X, but not
vice versa. The property of being r-pseudocompact subset is not productive because of the
Novak’s example, but every C-compact subset of a topological group is r-pseudocompact
in this group (see Corollary 3.11), so that r-pseudocompactness is productive in the class of
topological groups by Theorem 1.3. We also show that if A is an r-pseudocompact subset
of a topological groupG andB is an r-pseudocompact subset of a space Y , thenA×B is r-
pseudocompact in G× Y (see Theorem 3.4). In other words, any r-pseudocompact subset
of a topological group G is strongly r-pseudocompact in G (see Definition 2.3 below).
Let us again turn to the problem of productivity of C-compactness in the case when
one of two factors is a topological group. We can reformulate the problem asking whether
every C-compact subset of a topological group is strongly C-compact in this group. This
question will seem even more natural if Theorem 1.2 is reformulated as follows: Every
bounded subset of a topological group G is strongly bounded in G (see Definition 2.3
below).
One of the main results of the article is Theorem 4.8 which states that every C-compact
subset A of a topological group G is strongly C-compact in G or, equivalently, if B is
an arbitrary C-compact subset of a space Y , then A × B is C-compact in G × Y . The
proof of Theorem 4.8 is not straightforward and requires certain combination of different
methods. Our proof is based on the relative distribution law for the closure of a product
of two bounded subsets (see Theorem 4.7) which in turn depends on Theorem 1.2 and
involves the Frolík technique from [15].
The article is organized as follows. Section 2 contains a detailed discussion of
relationships between boundedness, r-pseudocompactness and C-compactness. It also
includes a number of examples clarifying the things.
In Section 3, we start a thorough study of bounded and C-compact subsets of topological
groups. The technique we use there depends on the notions of a z-set and an R-factorizable
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topological group. The first one is well known and refers to a subset of a space X which is
of the form f−1(0) for some continuous function f :X→R. As forR-factorizable groups,
see Definition 3.1 or consult the articles [33,34] which contain the main results concerning
this notion. We only recall here that the class of R-factorizable groups contains all Lindelöf
groups and arbitrary subgroups of σ -compact groups, as well as Cartesian products of σ -
compact groups and dense subgroups of these products. One of the new results proved
in Section 3 is Theorem 3.2: an R-factorizable subgroup H of an arbitrary topological
group G is z-embedded in G, that is, for every z-set F in H there exists a z-set Φ in G
such that Φ ∩ H = F . We apply this result to show that the Hewitt realcompactification
of any R-factorizable topological group H is again a topological group containing H as
a subgroup (see Theorem 3.3). Another application of Theorem 3.2 is the following result
(see Proposition 3.1): if A is a C-compact subset of a topological group G, then A is C-
compact in the subgroup H = 〈A〉 of G generated by A. We also show that the group H
is R-factorizable and perfectly κ-normal (see Lemma 3.6), and hence H is z-embedded in
G. Given a C-compact subset A of an arbitrary topological group G, Proposition 3.1 and
Lemma 3.6 sometimes enable us to replace the group G by its subgroup H = 〈A〉 which
has better properties.
Further, by Corollary 3.11, every C-compact subset A of a topological group G is r-
pseudocompact in the subspace B = A ·A−1 ·A of G. This useful fact can be applied in
Section 4 to give an alternative proof of Theorem 4.8.
In the sequel we consider only Tychonoff spaces. All topological groups are assumed to
be Hausdorff. The realcompactification of a spaceX is denoted by υX, and µX is used for
the Dieudonné-completion of X. The Raı˘kov completion of a topological groupG (that is,
the completion of G with respect to its bilateral group uniformity) is denoted by Ĝ and is
simply referred to as the group completion of G. The family of all continuous real-valued
functions on a space X is C(X), and C∗(X) stands for the subfamily of C(X) consisting
of bounded functions. If f :X→ R is a function and U ⊆X, we define the oscillation of
f at U by
osc(f,U)= sup{|f (y)− f (x)|: x, y ∈ U}.
If X is a space and x ∈ X, then NX(x) or simply N (x) stands for the family of open
neighborhoods of x in X. We say that a subset Y of X is Gδ-dense in X if every non-
empty Gδ-set in X intersects Y . Finally, X is called an Oz-space [4,6] if the closure of
every open set in X is a z-set. Such spaces are also known as perfectly κ-normal [31].
2. Preliminary facts and results. Some examples
Here we discuss the relations between the notions of boundedness, r-pseudocompactness
and C-compactness in spaces and topological groups. It is well known that a subset A of a
space X is C-compact in X if and only if A is bounded in every cozero set of X contain-
ing A (see Proposition 2.7 of [6]). This fact implies that a subset A of an Oz-space X is
C-compact in X if and only if for every neighborhood U of A in X, A is bounded in U .
The following result characterizes this kind of sets for an arbitrary space X:
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Proposition 2.1. The following assertions are equivalent for a subset A of a space X:
(1) A is r-pseudocompact in X;
(2) A is r-pseudocompact in every neighborhood U of A in X;
(3) A is C-compact in every neighborhood U of A in X;
(4) A is bounded in every neighborhood U of A in X.
Proof. The implications (1)⇒ (2), (2)⇒ (3) and (3)⇒ (4) are clear, so we only need
to show (4)⇒ (1). Consider a sequence {Un}n∈ω of open subsets of X meeting A. Let K
be the set of cluster points of the sequence {Un}n∈ω in X. By (4), A is bounded in X, and
hence K is a non-empty closed set. Suppose that A∩K = ∅ and consider the sequence of
open sets {Vn}n∈ω where Vn =Un \K for every n ∈ ω. Then {Vn}n∈ω has no cluster points
in U =X \K . Since A⊆ U , the latter contradicts (4). 2
Clearly, the word neighborhood in Proposition 2.1 can be replaced by open neighbor-
hood. It is well known that a subset A of an Oz-space X is C-compact in X iff for every
neighborhoodU of A in X, A is bounded in U (see [6, Corollary 2.11]). So, we have
Corollary 2.2. Any C-compact subset of an Oz-space X is r-pseudocompact in X.
Since r-pseudocompactness, C-compactness and boundedness are not stable with
respect to the product operation, it seems interesting to separate and study the following
stronger versions of these notions.
Definition 2.3. A subset A of a space X is called strongly r-pseudocompact (strongly
C-compact, strongly bounded) in X if for every space Y and every r-pseudocompact (C-
compact, bounded) subset B of Y , A× B is r-pseudocompact (C-compact, bounded) in
X× Y .
To clarify relations between different kinds of bounded sets we present several examples.
First, the following implications are clear:
pseudocompact⇒ r-pseudocompact⇒ C-compact⇒ bounded.
Neither of them can be inverted as (1), (2) and (3) of the example below show.
Example 2.4.
(1) Let X be a pseudocompact space which is not countably compact. Then X contains
an infinite closed discrete subsetA, and henceA is not C-compact inX [26, p. 460].
However, all subsets of the pseudocompact space X are bounded in X (see also [25,
Example 4]).
(2) Consider the Alexandroff compactification αD of an infinite discrete space D.
According to [17, Corollary 3.8], D is C-compact in αD. It is clear, however, that
D is not r-pseudocompact in αD.
(3) If A is a maximal almost disjoint family of infinite subsets of ω, then the Mrówka–
Isbell space Ψ (A)= ω∪A is pseudocompact [20, 5 I (5)]. Since every point in ω is
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isolated in Ψ (A), A is r-pseudocompact in Ψ (A). However, A is a closed discrete
subspace of Ψ (A) [20, 5 I (3)], and hence A is not pseudocompact.
(4) Let P be a dense pseudocompact subspace of βω such that P × P is not pseu-
docompact (see [20, Example 9.15]). Then P is r-pseudocompact and C-compact
in itself, but P × P is neither bounded in P × P nor C-compact in βω× βω.
(5) Consider P as in (4). Then P is strongly bounded and strongly C-compact in
βω by [7, Corollary 4] or [18, Corollary 5.7]. However, P is not strongly r-
pseudocompact in βω. Indeed, the sequence {{n} × {n}}n∈ω of open subsets of
βω × βω has no cluster points in P × P . Note that βω is a compact Oz-space
[4, Theorem 5.8].
(6) Fix p ∈ ω∗ and consider the space X = βω \ {p}. Since every infinite closed subset
of βω has the cardinality 2c, X is strongly bounded in itself (see [7, Proposition 1]
or [14, Theorem 3.5.1]). Proposition 1 of [7] and Theorem 2.5 imply that X is
strongly r-pseudocompact in itself. In addition, according to [18, Theorem 5.5],
X is strongly C-compact in itself. We will show that X is not p-bounded (in itself).
Suppose that there exists q ∈ ω∗ with
q ∈
⋂
F∈p
clXF.
So, if we consider q as a free ultrafilter in ω, F ∈ q for every F ∈ p [20, 6.5(c)].
Therefore, p ⊆ q and hence p = q . We have proved that the sequence of open
subsets {n}n∈ω has no p-limit points in X.
The following theorem characterizes strongly r-pseudocompact sets in a similar way to
the one used in [32] for strongly bounded subsets. We omit its proof which goes like in
Proposition 1 of [7].
Theorem 2.5. Let A be a subset of a space X. The following conditions are equivalent:
(1) A is strongly r-pseudocompact in X;
(2) every infinite family of pairwise disjoint open subsets of X meeting A contains an
infinite subfamily {Un}n∈ω such that
A∩
⋂
F∈F
clX
(⋃
n∈F
Un
)
6= ∅
for each filter F of infinite subsets of ω;
(3) for every pseudocompact space Y , A× Y is r-pseudocompact in X× Y .
In the sequel βω is identified with the set of ultrafilters on ω, and the set of all free
ultrafilters on ω is denoted by ω∗.
Definition 2.6. Let {Sn}n∈ω be a sequence of non-empty subsets of a spaceX, and suppose
that p ∈ ω∗. We call x ∈X is a p-limit point of the sequence {Sn}n∈ω if {n ∈ ω: Sn ∩ V 6=
∅} ∈ p for every neighborhood V of x in X.
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The above notion was introduced by Ginsburg and Saks in [21] as a generalization of
the Bernstein’s concept of a p-limit of a sequence of points [3]. The following concept was
introduced and investigated in [16].
Definition 2.7. Let p ∈ ω∗. A subset A of a space X is called p-bounded in X if every
sequence {Un}n∈ω of open subsets ofX with A∩Un 6= ∅ for each n ∈ ω has a p-limit point
in X.
It is clear that for every p ∈ ω∗, p-bounded sets are bounded. However, there exist
bounded sets which are not p-bounded for any p ∈ ω∗ (see [21] for details). The following
result can be deduced from Lemmas 2.10 and 2.8 of [32] after a slight modification of the
latter (see also the proof of Theorem 4.3 in [18]).
Lemma 2.8. Let V be an open set in a topological groupG. The following conditions are
equivalent for a subset A⊆ V :
(1) A is bounded in V ;
(2) A is p-bounded in V for each p ∈ ω∗;
(3) A is p-bounded in V for some p ∈ ω∗.
Corollary 2.9. The following conditions are equivalent for a subset A of a topological
group:
(1) A is r-pseudocompact in G;
(2) for any p ∈ ω∗, every sequence {Un}n∈ω of open subsets of G meeting A has a
p-limit in A;
(3) for some p ∈ ω∗, every sequence {Un}n∈ω of open subsets of G meeting A has a
p-limit point in A.
Proof. The implications (2)⇒ (3) and (3)⇒ (1) are obvious. Therefore, we only need
to prove (1)⇒ (2). Let p ∈ ω∗ be arbitrary. Suppose that there exists a sequence {Un}n∈ω
of open subsets of X with Un ∩ A 6= ∅ for all n ∈ ω which has no p-limit points in A.
Let K be the set of all p-limit points of {Un}n∈ω in G. It is clear that K is closed and
disjoint from A. Therefore, A is not p-bounded in the open set U = G \ K . Apply (1)
and the equivalence of (1) and (4) of Proposition 2.1 and the equivalence of (1) and (2) of
Lemma 2.8 to obtain a contradiction. 2
Theorem 2.10. Every r-pseudocompact subset of a topological group G is strongly r-
pseudocompact in G.
Proof. Let A be an r-pseudocompact subset of G. Consider a sequence {Un}n∈ω of open
subsets of G meeting A and a free filter F of infinite subsets of ω. Let p ∈ ω∗ be an
ultrafilter containing F . According to Theorem 2.5, it suffices to prove that there exists
x ∈ A with x ∈ clG(⋃n∈F Un) for every F ∈ p. By Corollary 2.9, the sequence {Un}n∈ω
has a p-limit point x ∈A. Therefore, {n ∈ ω: V ∩Un 6= ∅}∩F 6= ∅ for every neighborhood
V of x and each F ∈ p. This completes the proof. 2
28 S. Hernández et al. / Topology and its Applications 101 (2000) 21–43
In the rest of this section we shall study several properties of C-compact subsets related
to metrizability. Let us start with two lemmas.
Lemma 2.11. Let A be a C-compact subset of a space X. Suppose that f is a continuous
mapping of X to a space Y of countable pseudocharacter. Then f (A) is closed in Y .
Proof. Suppose that f (A) is not closed in Y and choose y ∈ Y \ clY f (A). According
to [20, 3.11(b)], the singleton {y} is a zero-set of Y which does not meet f (A). Let g > 0 be
a continuous real-valued function on Y satisfying g−1(0)= {y}. Then g is positive on f (A)
and infz∈f (A) g(z)= 0. Since f (A) is C-compact in Y , we obtain a contradiction. 2
A space X is called submetrizable if there exists a continuous one-to-one function from
X onto a metrizable space. It is easy to see that every C-compact subset of a submetrizable
space is compact. The following lemma generalizes this fact.
Lemma 2.12. Let A be a C-compact subset of a space X and let f be a continuous
mapping of X to a submetrizable space M . Then f (Z ∩ A) is a compact subset of M
for every zero-set Z in X.
Proof. By assumption, Z = g−1(0) where g is a continuous function from X into the unit
interval I = [0,1]. The diagonal product h = f 4 g of f and g is a continuous function
fromX to the submetrizable spaceM×I . So, Lemma 2.11 implies that h(A) is a closed C-
compact subset of M × I . Therefore, h(A) is compact. Let pM and pI be the projections
of M × I to M and I , respectively. It is clear that the sets K and pM(K) are compact,
where K = p−1I (0)∩ h(A). Since pI ◦ h= g and pM ◦ h= f , we have
pM(K)= pM
(
p−1I (0)∩ h(A)
)= f (A∩ g−1(0))= f (A∩Z),
and the proof is complete. 2
Corollary 2.13. Let A be a C-compact subset of a space X. Then A∩Z is C-compact in
X for each zero-set Z of X.
We can now obtain a metrization theorem for C-compact sets which is close to Lem-
ma 2.1 of [18].
Theorem 2.14. Let f be a continuous mapping of a space X to a submetrizable space M
such that the restriction f |A of f to a C-compact subset A of X is one-to-one. Then A is
a metrizable compact space.
Proof. Denote by B the family of all cozero sets in X. Then BA = {B ∩ A: B ∈ B}
is a base for the induced topology in A. Let K = f (A). Since f |A is one-to-one,
f (A∩B)=K \f (A\B) for each B ∈ B. According to Lemma 2.12, f (A\B) is closed in
K . Therefore, f (A∩B) is open inK for each B ∈ B, and hence f |A is a homeomorphism
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of A ontoK . SinceK is compact by Lemma 2.12, the result immediately follows from the
fact that every submetrizable compact space is metrizable. 2
Let us say that a family γ of subsets of X T0-separates the points of a subset A⊆X if
for any distinct x, y ∈A there exists Z ∈ γ such that either x ∈Z 63 y or y ∈ Z 63 x .
Corollary 2.15. LetA be a C-compact subset of a spaceX and let γ be a countable family
of zero-sets inX which T0-separates the points ofA. ThenA is a metrizable compact space.
Proof. For every Z ∈ γ , there exists a continuous function fZ from X to the unit interval
I = [0,1] such that Z = f−1Z (0). The diagonal product f = 4Z∈γ fZ is a continuous
function from X to Iℵ0 and the restriction f |A is one-to-one. The result now follows from
Theorem 2.14. 2
We shall apply the above results to obtain a metrization criterion for locally pseudocom-
pact groups. The following result generalizes Theorem 2.5 of [18] proved for the Abelian
case.
Theorem 2.16. The following assertions are equivalent for a locally pseudocompact
group G:
(1) there exist a neighborhood V of the identity in G and a countable family γ of zero-
sets of V which T0-separates the points of V ;
(2) there exist a neighborhood V of the identity in G and a countable family γ of zero-
sets of G which T0-separates the points of V ;
(3) G is metrizable.
Proof. (1)⇒ (2) Let V and γ be as in (1). There exists an open neighborhood W of the
identity satisfying clGW ⊆ V and such that clGW is pseudocompact. Consider the family
µ= {Z ∩ clGW : Z ∈ γ }.
Then µ is a family of zero-sets in clGW which T0-separates points of clGW . Since clGW
is C-embedded in G [25, Corollary 9], we conclude that there exists a countable family of
zero-sets of G which T0-separates the points of clGW .
(2)⇒ (3) Let V and γ be as in (2). Choose an open neighborhoodW of the identity such
that A= clGW is pseudocompact and lies in V . For every Z ∈ γ , there exists a continuous
function fZ :G→ [0,1] such that Z = f−1Z (0). The diagonal product f = 4Z∈γ fZ is a
continuous mapping ofG to the metrizable space [0,1]ω and f |A is one-to-one because of
the choice of γ . Therefore, A is metrizable by Theorem 2.14. Since eG ∈W ⊆ clGW = A
and W is open in G, the group G has a countable base at the identity eG. The result now
follows from the Birkhoff–Kakutani metrization theorem.
(3)⇒ (1) Since G is metrizable and locally pseudocompact, it is locally compact.
The conclusion immediately follows from the fact that a compact metrizable space has
a countable base which consists of cozero sets. 2
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3. R-factorizable groups and C-compact sets
We start with the definition of R-factorizable groups [33,34].
Definition 3.1. A topological group G is called R-factorizable if for every continuous
function f :G→ R there exist a continuous homomorphism pi of G onto a second
countable topological group H and a continuous function h :H →R such that f = h ◦ pi .
Recall that a subset S of a space X is z-embedded in X if for every zero-set Z in S, there
is a zero-set Z∗ in X with Z∗ ∩ S =Z.
Theorem 3.2. Every R-factorizable subgroup H of a topological group G is z-embedded
in G.
Proof. Let F be a zero-set in H , and consider a continuous real-valued function f on H
such that F = f−1(0). SinceH isR-factorizable, we can find a continuous homomorphism
pi :H → P onto a second countable group P and a continuous function g :P → R such
that f = g ◦ pi . Denote by L the kernel of pi . Let {On: n ∈ ω} be a countable base at
the identity of P . We can define by induction a sequence {Un: n ∈ ω} of open symmetric
neighborhoods of the identity e in G satisfying the following conditions for each n ∈ ω:
(i) U2n+1 ⊆Un;
(ii) Un ∩H ⊆ pi−1(On).
It is clear that K =⋂n∈ω Un is a closed subgroup of G and K ∩ H ⊆ L. Let ϕ be the
canonic mapping of G onto the left coset space G/K . Since K ∩H is a subgroup of L,
there exists a function ψ :ϕ(H)→ P satisfying ψ ◦ ϕ|H = pi .
Open sets Un satisfy e ∈ Un =U−1n and U2n+1 ⊆Un, so Theorem 8.1.10 of [13]) implies
that there exists a continuous left invariant pseudometric d on G such that
(∗) {x ∈G: d(x, e) < 1/2n}⊆Un ⊆ {x ∈G: d(x, e)6 2/2n}.
One easily verifies that d(x, y)= 0 iff x−1y ∈K . The latter enables us to define a metric
% on G/K such that d(x, y)= %(ϕ(x),ϕ(y)) for all x, y ∈G.
For every x ∈ G, y ∈ G/K and ε > 0, define Bε(x) = {x ′ ∈ G: d(x ′, x) < ε} and
Cε(y)= {y ′ ∈G/K: %(y ′, y) < ε}. By the definition of %, we have
(a) ϕ(Bε(x))= Cε(ϕ(x)) for each x ∈G.
In other words, the images under ϕ of open balls in G are open in the metric space
(G/K,%). One can easily verify that the balls Bε(x) satisfy
(b) Bε(x)= ϕ−1ϕ
(
Bε(x)
)
for all x ∈G and ε > 0.
Let t% be the topology on G/K generated by %. Note that t% is coarser that the quotient
topology on G/K . We claim that the homomorphism ψ of ϕ(H) to P remains continuous
if ϕ(H) is considered as a subspace of (G/K, t%), and this is the key point of the proof.
Indeed, let a point y ∈ ϕ(H) and an open set O ⊆ P with z = ψ(y) ∈ O be arbitrary.
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There exists n ∈ ω such that zOn ⊆ O . Choose x ∈ H with ϕ(x) = y; then pi(x) = z.
Note that the set U = B1/2n(e) is contained in Un by (∗) and the image ϕ(xU) is an open
neighborhood of y in (G/K, t%) by (a), so (b), (ii) and the equality H ∩ x U = x (H ∩U)
together imply that
ψ
(
ϕ(x U)∩ ϕ(H))=ψ(ϕ(H ∩ x U))= pi(H ∩ x U)
= y pi(H ∩U)⊆ y pi(H ∩Un)⊆ y On ⊆O.
This proves the continuity of ψ on the subspace ϕ(H) of (G/K, t%).
It remains to find a zero-set F0 in G such that F0 ∩H = F . Denote Φ = g−1(0)⊆ P .
From f = g ◦ pi it follows that pi−1(Φ) = F . It is clear that Φ∗ = ψ−1(Φ) is a zero-set
in ϕ(H). Being a subspace of the metric space (G/K,%), ϕ(H) is z-embedded in G/K .
Therefore, there exists a zero-set F ∗ in (G/K,%) such that F ∗ ∩ϕ(H)=Φ∗. Let us verify
that F = F0 ∩ H where F0 = ϕ−1(F ∗) is a zero-set in G. Since ψ ◦ ϕ|H = pi , we have
ϕ−1(ψ−1(Φ))∩H = pi−1(Φ), that is, ϕ−1(Φ∗)∩H = F . Consequently,
F0 ∩H = ϕ−1(F ∗)∩H = ϕ−1
(
F ∗ ∩ ϕ(H))∩H = ϕ−1(Φ∗) ∩H = F.
This completes the proof. 2
In 1985, V. Pestov and M. Tkacˇenko posed the problem whether the Dieudonné
completion µG of a topological groupG is a topological group (see [38, Problem III.28]).
In other words, the problem is to extend continuously the group operations fromG to µG.
Uspenskiıˇ [39] gave the positive answer for the special case when a groupG has countable
o-tightness. In particular, the result is valid for all separable groups and for groups of
countable cellularity. According to [34, Corollary 4.10], every topological groupG whose
topology is defined by compact sets has countable o-tightness, and hence both extensions
µG and υG are topological groups. Theorem 3.2 enables us to resolve the problem for the
Hewitt realcompactification in the class of R-factorizable groups.
Recall that a topological group G is said to be ℵ0-bounded [23] if for every
neighborhood U of the identity in G, there exists a countable subset K of G such that
K · U =G. It is known that every R-factorizable group is ℵ0-bounded (see the comment
after Definition 1.12 of [33]).
We say that S isGδ-dense in X if every non-emptyGδ-set in X meets S. The definitions
of a Gδ-closed set and the Gδ-closure are self-explanatory.
Theorem 3.3. If G is an R-factorizable topological group, then the group operations of
G can be extended continuously over the realcompactification υG of G, thus making υG
a topological group.
Proof. Let Ĝ be the completion of G, and denote by H the Gδ-closure of G in Ĝ.
A routine verification shows that H is a subgroup of Ĝ. We shall prove that H = υG.
Since G is R-factorizable, it is ℵ0-bounded. So, Ĝ is also ℵ0-bounded as the completion
of an ℵ0-bounded group [23, Proposition 3], and hence Ĝ can be embedded as a
topological subgroup to a Cartesian productΠ of second countable topological groups [23,
Corollary 1]. Applying the fact that Ĝ is complete, we conclude that Ĝ can be identified
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with a closed subgroup of Π . Thus, Ĝ is realcompact. By Theorem 3.2, G is z-embedded
in Ĝ, and hence Lemma 1.1(b) of [5] implies that υG coincides with the Gδ-closure of G
in Ĝ, that is, H = υG. 2
R-factorizable groups need not have countable o-tightness. The simplest counterexam-
ple is the free Abelian group A(X) on the one-point Lindelöfication X of an uncountable
discrete space. Another one is the weak sum of uncountably many copies of the discrete
group Z2 endowed with the ℵ0-box topology (see Example 2.1 of [34]). Both topological
groups are Lindelöf and hence R-factorizable by [33, Assertion 1.1]. Therefore, Theo-
rem 3.3 actually extends our knowledge on topological groups whose realcompactification
remains a topological group.
On the other hand, it is not known whether separable topological groups are R-fac-
torizable. A similar problem for topological groups of countable cellularity also remains
open [34, Problem 3.1].
The following result refines Theorem 3.3.
Theorem 3.4. If G is an R-factorizable group, so is υG.
Proof. Let f be a continuous real-valued function on υG. Since G is R-factorizable, we
can find a continuous homomorphism pi of G to a second countable topological group
K and a continuous real-valued function ϕ on K such that f |G = ϕ ◦ pi . Consider the
continuous homomorphism p̂i of the completion Ĝ of G to the completion K̂ of K
satisfying p̂i |G = pi . Theorem 3.3 implies that G⊆ υG⊆ Ĝ. Since G is Gδ-dense in υG
andK is first countable space, we have p̂i(υG)=K . Let us define p = p̂i |υG and g = ϕ◦p.
Both functions f and g are continuous on υG and g|G = f |G = ϕ ◦pi . SinceG is dense in
υG and K is Hausdorff, we conclude that f = g, that is, f = ϕ ◦ p. Therefore, the group
υG is R-factorizable. 2
Problem 3.5. Is the completion Ĝ of an R-factorizable groupG R-factorizable?
Our aim now is to establish several interesting properties of C-compact subsets of
topological groups. Let us show that R-factorizable groups naturally correspond to
bounded subsets of topological groups.
Lemma 3.6. If A is a bounded subset of a topological group G, then the subgroup 〈A〉 of
G generated by A is an R-factorizable group which is also an Oz-space.
Proof. Let Ĝ be the completion of G. Since A is bounded in Ĝ, the set Y = clĜA is
compact [12, 3.1]. The subgroup of Ĝ generated by Y is σ -compact and contains 〈A〉.
Therefore, Corollary 1.13 of [33] implies that 〈A〉 is R-factorizable. Since every σ -
compact group is an Oz-space and the property of being an Oz-space is inherited by dense
subsets [4, Proposition 5.3], we conclude that 〈A〉 is an Oz-space. 2
Proposition 3.7. Let A be a C-compact subset of a topological group G. Then A is a
C-compact subset of the subgroup 〈A〉 of G generated by A.
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Proof. By Lemma 3.6, the group 〈A〉 is R-factorizable. Therefore, Theorem 3.2 implies
that 〈A〉 is z-embedded in G. Since A is bounded in G, from [6, Proposition 2.7(3)] it
follows that A is bounded in 〈A〉. By [6, Proposition 2.7(5)], it suffices to prove that A
is completely separated from every zero-set Z of 〈A〉 such that Z ∩ A = ∅. Let Z be a
zero-set in 〈A〉 disjoint from A. Since 〈A〉 is z-embedded in G, there exists a zero-set Z∗
of G such that Z∗ ∩ 〈A〉 =Z. Consequently, Z∗ ∩A= ∅. Since A is C-compact in G, we
can find a continuous real-valued function f on G with Z∗ ⊆ f−1(0) and A⊆ f−1(1) [6,
Proposition 2.7(5)]. Therefore, Z and A are completely separated by g = f |〈A〉. 2
The following example shows that we can not replace C-compact by bounded in
Proposition 3.7. Given an ordinal α, [0, α] stands for the space of ordinal numbers
α + 1 = {σ : σ 6 α} endowed with the order topology. As usual, we denote by ω and
ω1, respectively the first infinite and the first uncountable ordinals.
Example 3.8. Let Y be the space obtained by deleting the corner point {(ω,ω1)} of the
product space [0,ω] × [0,ω1]. It is easy to check that the countable closed discrete set
H = ω× {ω1} is bounded in Y . Let G be the free Abelian topological group on the space
Y [29]. Since H is bounded in Y , it is also bounded in G. Consider the subgroup 〈H 〉
generated by H in G. By Assertion D of Section 4 in [22], 〈H 〉 is closed in G. It is clear
that 〈H 〉 is normal as a topological space because it is countable. SinceH is closed in 〈H 〉,
it is C-embedded in 〈H 〉. Therefore,H is a discrete C-embedded subset of 〈H 〉, and hence
it is not bounded in 〈H 〉.
In what follows we will improve Proposition 3.7 and present one more property of C-
compact subsets of topological groups. First, we need a lemma.
Lemma 3.9. Let A be a Gδ-dense subset of a countably compact space X and let
{(an, γn): n ∈ ω} be a sequence such that an ∈ X and γn is an open cover of X for each
n ∈ ω. Then there exists a point b ∈A such that for any open cover µ ofX one can find an
infinite subset P of ω such that for each n ∈ P :
(∗) there are U ∈ γn and V ∈µ such that an ∈ V, b ∈U and U ∩ V 6= ∅.
In addition, if X is compact and p ∈ ω∗, one can choose P ⊆ ω with P ∈ p.
Proof. Suppose that X is countably compact. Let a ∈X be a cluster point of the sequence
{an: n ∈ ω}. For every n ∈ ω, choose an element Un ∈ γn with a ∈ Un and put F =⋂
n∈ω Un. Then a ∈ F 6= ∅. Since F is a Gδ-set in X and A is Gδ-dense in X, there exists
a point b ∈ F ∩A.
Let µ be an open cover of X. We fix V ∈µ with a ∈ V and define P = {n ∈ ω: an ∈ V }.
The set P is infinite and we claim that every n ∈ P satisfies (∗). Indeed, if n ∈ P , then
a ∈ Un ∩ V 6= ∅, an ∈ V ∈µ and Un ∈ γn.
The case when X is compact can be considered similarly taking the point a as a p-limit
of the sequence {an: n ∈ ω}. 2
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Theorem 3.10. Let p ∈ ω∗. If A is a C-compact subset of a topological group G, then
every sequence {On}n∈ω of open sets in A ·A−1 ·A meeting A has a p-limit in A.
Proof. Let Ĝ be the completion of the groupG. ConsiderX = clĜA. ThenX is a compact
space and by Lemma 1 of [25], A is Gδ-dense in X. Consider a family {On}n∈ω of open
sets in B =A ·A−1 ·A meeting A. For every n ∈ ω, pick a point an ∈A∩On and choose
open symmetric neighborhoodsUn and Vn of the identity in Ĝ such that (anUn)∩B ⊆On
and V 2n ⊆ Un. It is clear that γn = {(xVn) ∩ X: x ∈ X} is an open cover of X. Apply
Lemma 3.9 to the sequence {(an, γn): n ∈ ω} and choose a corresponding point b ∈A. We
claim that b is a p-limit of the family {On: n ∈ ω}.
Indeed, let O be a neighborhood of b in B . We can find open symmetric neighborhoods
U and V of the identity in Ĝ such that (Ub)∩B ⊆O and V 2 ⊆U . Consider the open cover
µ = {(V x) ∩ X: x ∈ X} of X. By the choice of the point b ∈ A, there exists an infinite
subset P of ω with P ∈ p such that every n ∈ P satisfies (∗) of Lemma 3.9. For every
n ∈ P , choose elements K ∈ γn and L ∈ µ such that b ∈K , an ∈L and K ∩L 6= ∅. Pick a
point x ∈A∩K∩L. We shall show that anx−1b ∈On∩O 6= ∅. Indeed, from x, b ∈K ∈ γn
it follows that x, b ∈ yVn for some y ∈X, and hence x−1b ∈ V−1n y−1yVn = V 2n ⊆ Un. So,
we have anx−1b ∈ (anUn) ∩ B ⊆ On. On the other hand, a similar argument shows that
anx
−1b ∈ B ∩ (Ub)⊆ O , which implies that On ∩O 6= ∅. Since the latter conclusion is
valid for every n ∈ P and P ∈ p, we conclude that b is a p-limit point of the sequence
{On: n ∈ ω}. 2
Making use of Theorems 3.10, 2.10 and the characterization of strongly bounded subsets
given in [32] (see also [7, Proposition 1]), we obtain the following corollary.
Corollary 3.11. Any C-compact subset A of a topological group G is strongly bounded
and strongly r-pseudocompact in A ·A−1 ·A and hence in G.
Since the product of a family of C-compact subsets of topological groups is C-compact
in the product group (Theorem 1.3), we have the following.
Corollary 3.12. For every i ∈ I , let Ai be a C-compact subset of a topological group Gi .
Then
∏
i∈I Ai is strongly r-pseudocompact in
∏
i∈I Gi .
Following Frolík [14], we say that a space P belongs to the class P if P × Y is
pseudocompact for every pseudocompact space Y . Making use of Corollary 3.11, we
generalize Corollary 2.14 of [32] as follows.
Corollary 3.13. Every C-compact subgroup of a topological group is pseudocompact and
belongs to the class P .
In [2], r-pseudocompact subsets were introduced with a slightly different name and
distinct (but equivalent) definition. It is proved in [2] under CH that the discrete space of
cardinality ℵ1 can be embedded as an r-pseudocompact subset into a regular space and the
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problem is posed whether one can drop CH in that assertion. We answer this question in the
affirmative. Recall that a space X is said to be weakly pseudocompact if it is Gδ-dense in
some compactification of X [17]. The following result gives a new characterization of this
kind of spaces and we apply it to embed uncountable discrete sets into Abelian topological
groups as r-pseudocompact subsets (see Corollary 3.15 below).
Proposition 3.14. A space X is weakly pseudocompact if and only if it can be embedded
into a topological group as an r-pseudocompact subset.
Proof. Suppose that X is weakly pseudocompact and let K be a compactification of X
such that X is Gδ-dense in K . It is easy to see that X is C-compact in K (see also [6,
Proposition 2.7(2)]). Consider the free topological group F(K) on K . Since X is C-
compact in K , it is also C-compact in F(K). It follows from Corollary 3.11 that X is
r-pseudocompact in F(X).
Conversely, if X is an r-pseudocompact subset of a topological group G, then X
is C-compact in G by Proposition 2.1. According to Corollary 3 of [25], X is Gδ-
dense in the compact space clĜX where Ĝ is the completion of G. Thus, X is weakly
pseudocompact. 2
According to Corollaries 3.8 and 3.9 of [17], a locally compact space is weakly
pseudocompact if and only if it is not Lindelöf. This result and Proposition 3.14 imply
the following answer to the problem posed in [2].
Corollary 3.15. A discrete space of cardinality λ> ℵ0 can be embedded in a topological
group as an r-pseudocompact subset if and only if λ is uncountable.
4. Bounded rectangular subsets of products
In this section, we prove two results about the relative distribution of the closure operator
in the realcompactification of a product of two spaces when one factor is a topological
group (see Theorem 4.7 and Corollary 4.9). Theorem 4.7 is applied to prove the main result
of the article: if A is a C-compact subset of a topological group G and B is a C-compact
subset of a space Y , then A×B is C-compact in G× Y (Theorem 4.8).
We combine different techniques here. When dealing with a bounded subset of a product
of two topological spaces, one of the main tools is a refinement of methods used by Frolík
in [14]. On the other hand, if one factor in the product is a topological group, we apply
the methods developed in Sections 2 and 3 to prove the relative distribution law (see
Theorem 4.7). Along this line, Lemma 4.1 below provides a clear argument that explains
the good behaviour of pseudocompactness and boundedness in the class of topological
groups.
Lemma 4.1. Let G be a topological group, {xn: n ∈ ω} a sequence of points in G and
let F be a filter on ω. If a ∈ µG and a ∈ clµG{xn: n ∈K} for each K ∈ F , then for any
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sequence {Un: n ∈ ω} of open sets in G such that xn ∈ Un for all n ∈ ω, there exists an
element b ∈G satisfying
(∗) b ∈ clG
(⋃
{Un: n ∈K}
)
for every K ∈F .
Proof. Denote by Ĝ the completion of the group G. If {Un: n ∈ ω} is a sequence of
open sets in G with xn ∈ Un, for every n ∈ ω choose a symmetric subset On ∈ NĜ(e)
such that (xn On)∩G⊆Un. Let ϕ :µG→ Ĝ be a continuous extension of the embedding
i :G ↪→ Ĝ. We define Wn = ϕ−1(ϕ(a)On) ∈ NµG(a) for every n ∈ ω. Since G is Gδ-
dense in µG, we can pick a point, say b, belonging to G ∩ (⋂n∈ω Wn). We claim that b
satisfies (∗).
Indeed, letO be a symmetric neighbourhood of the identity in Ĝ and letK ∈F , we have
to prove that O b intersects the set
⋃{Un: n ∈ K}. Define U = ϕ−1(O ϕ(a)) ∈NµG(a).
By the assumption of the lemma, there is n ∈ K such that xn ∈ U . Since ϕ|G = idG, it
follows that xn ∈O ϕ(a) and, therefore, ϕ(a) ∈O xn.
On the other hand, b ∈ G ∩ Wn or, equivalently, b ∈ ϕ(a)On, which implies that
ϕ(a) ∈ bOn. Thus, (O xn) ∩ (bOn) 6= ∅. Since G is dense in Ĝ, there is a point x ∈
(O xn)∩ (bOn)∩G. It is easy to verify then that
xn x
−1b ∈ (Ob)∩ (xnOn)∩G 6= ∅.
Since (xnOn) ∩G⊆Un and n ∈K , this proves that b satisfies the condition (∗). 2
Corollary 4.2. Lemma 4.1 remains valid for υG if one additionally assumes that eitherG
has a nonmeasurable cardinality or the set {xn: n ∈ ω} is bounded in G.
Proof. If G has a nonmeasurable cardinality, υG and µG coincide. On the other hand,
if P = {xn: n ∈ ω} is bounded in G, then P is totally bounded with respect to both the
bilateral group uniformity and the finest uniformity on G. Thus, P is relatively compact in
µG. Since there exists a natural embedding i :µG→ υG such that i|G = idG, we conclude
that the closures of P in µG and υG coincide. 2
Two lemmas below generalize similar results of Frolík’s [14]. Although our proofs of
Lemmas 4.3 and 4.4 exploit the same idea as in [14], for the reader’s convenience we
include main details of the corresponding reasoning (see also [8,19]).
Lemma 4.3. Let X and Y be Tychonoff spaces and let f ∈ C∗(X × Y ). If L ⊆ A ⊆ X,
B ⊆ Y and A×B is bounded in X× Y , then the functions FL and GL defined by
FL(y)= inf
{
f (x, y): x ∈ L}, GL(y)= sup{f (x, y): x ∈ L}
are both continuous on B .
Proof. It suffices to prove the continuity of FL. Since FL is the infimum of a family of
continuous functions, it is clear that this function is upper-semicontinuous.
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Suppose that FL is not lower-semicontinuous. Then there exist a point y0 ∈ B and ε > 0
such that for every V ∈N (y0) one can find yV ∈ V ∩B with FL(yV ) < FL(y0)− 3ε. We
define by induction the sequences of points and open sets
{xn: n ∈ ω} ⊆ L, {yn: n ∈ ω} ⊆ B,
{Un: n ∈ ω}, {Vn: n ∈ ω}, {V ′n: n ∈ ω}
which satisfy the following conditions for each n ∈ ω:
(1) Un ∈N (xn), Vn ∈N (yn), V ′n ∈N (y0);
(2) osc(f,Un × Vn) < ε and osc(f,Un × V ′n) < ε;
(3) f (xn, yn) < FL(y0)− 3ε;
(4) clY (Vn+1 ∪ V ′n+1)⊆ V ′n.
Suppose that xn, yn,Un,Vn and V ′n have already been defined. By the choice of y0
and ε, there is yn+1 ∈ V ′n such that FL(yn+1) < FL(y0) − 3ε. There exists a point
xn+1 ∈ L satisfying f (xn+1, yn+1) < FL(y0) − 3ε. By the continuity of f we can find
Un+1 ∈N (xn+1), Vn+1 ∈N (yn+1) and V ′n+1 ∈N (y0) such that clY (Vn+1 ∪ V ′n+1)⊆ V ′n,
osc(f,Un+1 × Vn+1) < ε and osc(f,Un+1 × V ′n+1) < ε. Since A × B is bounded in
X × Y , the sequence {Un × Vn: n ∈ ω} has a cluster point (u, v) ∈ G × Y . From this
and the continuity of f at (u, v) it follows that f (u, v)6 FL(y0)− 2ε. On the other hand,
since clYVn+1 ⊆ V ′n ⊆ clY V ′n ⊆ V ′n−1 for each n ∈ ω, we conclude that (u, v) is also a
cluster point of the sequence {Un × V ′n: n ∈ ω}. Again, the continuity of f implies that
f (u, v)> FL(y0)− ε. This contradiction completes the proof. 2
From now on, for a subsetA of a topological spaceX, we shall denote by A∗ the closure
of A in υY .
Lemma 4.4. Under the conditions of Lemma 4.3, the function f admits a continuous
extension f ∗ over (A∗ ×B)∪ (A×B∗).
Proof. By the symmetry argument, it suffices to extend f over A∗ × B . In its turn, this
only requires to prove that if p ∈ A∗ \ A and y0 ∈ B , then f continuously extends to
(A×B)∪ {(p, y0)}.
Take a point y ∈ Y and consider the function fy ∈ C∗(X) defined by fy(x)= f (x, y)
for all x ∈ X. Denote by f υy the continuous extension of fy over υX. We now define
f ∗(p, y0)= f υy0(p). Let us verify that f ∗ is continuous at (p, y0). By the continuity of f υy0 ,
there is U ∈N (p) such that |f ∗(x, y0)−f (p,y0)|< ε for all x ∈ U ∩A. Take L=U ∩A
and define FL and GL as in Lemma 4.3. Since the mappings FL and GL are continuous at
y0, there is V ∈N (y0) such that
FL(y0)− ε < FL(y) < FL(y0)+ ε,
GL(y0)− ε <GL(y) <GL(y0)+ ε
for all y ∈ V ∩B . If now (x, y) ∈ (U ∩A)× (V ∩B), then
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f ∗(p, y0)− 2ε 6 FL(y0)− ε < FL(y)6 f (x, y)6GL(y)
<GL(y0)+ ε 6 f ∗(p, y0)+ 2ε,
and hence f ∗ is continuous at the point (p, y0). 2
Lemma 4.5. Let A be a bounded subset of a topological group G and let B be a bounded
subset of a space Y . If f ∈ C∗(G× Y ), L⊆A and f ∗ is a continuous extension of f over
(A∗ ×B)∪ (A×B∗) defined in Lemma 4.4, then the functions
F ∗L(q)= inf
{
f ∗(x, q): x ∈ L} and G∗L(q)= sup{f ∗(x, q): x ∈L}
are continuous on B∗.
Proof. It suffices to prove the continuity of the function F ∗L on B∗. Suppose that F ∗L is not
lower-semicontinuous at a point q ∈ B∗ \ B . Then there exists a ε > 0 such that for every
V ∈NυY (q), there is yV ∈ V ∩B with F ∗L(yV ) < F ∗L(q)−4ε. As in Lemma 4.3, we define
the sequences {xn: n ∈ ω} ⊆ L, {yn: n ∈ ω} ⊆ B, {f υn : n ∈ ω}, {U ′n: n ∈ ω}, {Vn: n ∈ ω}
and {V ′n: n ∈ ω} which satisfy the following properties for each n ∈ ω:
(1) U ′n ∈NυG(xn), Vn ∈NυY (yn) and V ′n ∈NυY (q);
(2) f υn ∈ C∗(υY );
(3) osc(f, (U ′n × Vn)∩ (G× Y )) < ε and osc(f υn ,V ′n) < ε;
(4) f (xn, yn) < F ∗L(q)− 4ε;
(5) clY (Vn+1 ∪ V ′n+1)⊆ V ′n.
Indeed, suppose that xn, yn, f υn ,U ′n,Vn and V ′n have already been defined. Since F ∗L is
not lower-semicontinuous at q , there is yn+1 ∈ V ′n ∩ B such that F ∗L(yn+1) < F ∗L(q)− 4ε.
Therefore, f (xn+1, yn+1) < F ∗L(q)− 4ε for some point xn+1 ∈ L. By the continuity of f
on G × Y , there are U ′n+1 ∈ NυG(xn+1) and Vn+1 ∈ NυY (yn+1) such that clυYVn+1 ⊆
V ′n and osc(f, (U ′n+1 × Vn+1) ∩ (G × Y )) < ε. Define a function fn+1 ∈ C∗(Y ) by
fn+1(y) = f (xn+1, y) for all y ∈ Y , and let f υn+1 be its continuous extension over υY .
Since f υn+1 is continuous at q , there exists V ′n+1 ∈NυY (q) such that clυY V ′n+1 ⊆ V ′n and
osc(f υn+1,V ′n+1) < ε. This completes the step n+ 1 of our construction.
Since B is a bounded subset of Y and yn ∈ Vn ∩ B 6= ∅ for each n ∈ ω, the sequence
{Vn∩Y : n ∈ ω} of open sets in Y has a cluster point y ∈ Y . Let fy be a continuous function
on G defined by fy(x)= f (x, y) for all x ∈G. Again, the continuity of fy implies that
for every n ∈ ω, there is U ′′n ∈NυG(xn) such that osc(fy,U ′′n ) < ε. Define Un =U ′n ∩U ′′n .
For V ∈NυY (y), define K(V )= {n ∈ ω: V ∩ Vn 6= ∅}. Clearly, {K(V ): V ∈NυY (y)}
is a base of a filter F on ω. Since A∗ is a compact subset of υG, there is a point
a ∈⋂K∈F clA∗{xn: n ∈K}. By Lemma 4.1, there exists a point b ∈G such that
b ∈ clG
(⋃
{Un: n ∈K}
)
for each K ∈F .
The definition of the points y ∈ Y and b ∈ G implies that (b, y) is a cluster point of the
sequence {Un × Vn: n ∈ ω}. Hence, by (3), we have f (b, y)6 F ∗L(q)− 3ε.
As in Lemma 4.3, it is clear that y ∈ V ′n for all n ∈ ω. Again, by (3), f (xn, y)= f υn (y)>
F ∗L(q) − ε. Since Un ⊆ U ′′n and osc(fy,U ′′n ) < ε, we have f (x, y) > F ∗L(q) − 2ε for
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all x ∈ Un. The fact that y is a cluster point of the sequence {Un: n ∈ ω} implies that
f (b, y)> F ∗L(q)− 2ε. This contradiction completes the proof. 2
Lemma 4.6. Let A be a bounded subset of a topological group G and let B be a bounded
subset of a space Y . Then every function f ∈ C∗(G× Y ) admits a continuous extension
over A∗ ×B∗.
Proof. First, we shall prove that f admits a continuous extension over βA × B∗. We
proceed as in the proof of Lemma 4.4.
By Theorem 1.2, the set A× B is bounded in G× Y . Making use of Lemma 4.4, we
extend f to a continuous function f ∗ over A× B∗. Now, it suffices to prove that if p ∈
βA \A and q ∈B∗, then f ∗ admits a continuous extension f β over (A×B∗)∪ {(p, q)}.
Pick a point q ∈ B∗ and consider the function fq ∈ C∗(A) defined by fq(x)= f ∗(x, q)
for all x ∈ A. Denote by f βq a continuous extension of fq over βA. We now define
f β(p,q)= f βq (p). Let us verify that f β is continuous at (p, q). By the continuity of f βq ,
there is U ∈N (p) such that |f β(x, q)− f ∗(p, q)|< ε for all x ∈ U ∩A. Put L=U ∩A
and define F ∗L and G∗L as in the Lemma 4.5. Since the functions F ∗L and G∗L are both
continuous at q , there is V ∈N (q) such that
F ∗L(q)− ε < F ∗L(y) < F ∗L(q)+ ε,
G∗L(q)− ε <G∗L(y) <G∗L(q)+ ε
for each y ∈ V ∩B∗. If (x, y) ∈ (U ∩A)× (V ∩B∗), then
f β(p,q)− 2ε6 F ∗L(q)− ε < F ∗L(y)6 f (x, y)6G∗L(y)
<G∗L(q)+ ε 6 f β(p,q)+ 2ε,
which implies the continuity of f β at (p, q).
So, we have proved that f extends to a continuous function f β ∈ C(βA × B∗).
Let η :B∗ → C∗u(A) be the evaluation mapping defined by η(q)(x) = f β(x, q) for all
q ∈ B∗ and x ∈A, where C∗u(A) stands for C∗(A) endowed with the topology of uniform
convergence. From the continuity of f β it follows that η is continuous on B∗. Note
that η(B) ⊆ C(G)|A, i.e., every function in η(B) is the restriction to A of a continuous
function in C(G), and hence in C(υG). Since A∗ ⊆ υG, every function in η(B) is, in
fact, a restriction to A of a continuous function in C(A∗). Let r :Cu(A∗)→ C∗u(A) be
the restriction mapping defined by r(g) = g|A for every g ∈ Cu(A∗). It is easy to see
that r is a homeomorphic embedding and r(Cu(A∗)) is a closed subspace of C∗u(A) [20].
Summarizing, we have
η(B)⊆ r(Cu(A∗))⊆ C∗u(A).
Since η(B) is dense in η(B∗) and r(Cu(A∗)) is closed in C∗u(A), we conclude that η(B∗)⊆
r(Cu(A
∗)). Since r is a homeomorphic embedding, the mapping ϕ = r−1 ◦ η :B∗ →
Cu(A
∗) is continuous.
It remains to define a continuous function f∗ on A∗ ×B∗ by f∗(x, y)= ϕ(y)(x) for all
x ∈A∗ and y ∈ B∗. It is clear that f∗|A×B = f . 2
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The following two theorems are the main results of this section. They clarify the reason
for the productivity of boundedness and C-compactness in topological groups and show
that every C-compact subset of a topological groupG is strongly C-compact in G.
Theorem 4.7. Let A and B be bounded subsets of a topological group G and a space Y ,
respectively. Then the following relative distribution law is valid:
clυ(G×Y )(A×B)= (A×B)∗ ∼=A∗ ×B∗ = clυGA× clυY B.
Proof. Let ψ :υ(G×Y )→ υG×υY be a continuous extension of the identity embedding
ofG×Y into υG×υY . Denote by ϕ the restriction ofψ to (A×B)∗. Both the domain and
image of ϕ are compact spaces, and hence ϕ((A×B)∗)=A∗×B∗. If ϕ were not injective,
there would exist two distinct points p and q in (A× B)∗ such that ϕ(p) = ϕ(q). There
exists a continuous function f υ on υ(G× Y ) such that f υ(p) 6= f υ(q). It is clear that
f = f υ |G×Y does not admit a continuous extension over A∗ × B∗, and this contradicts
Lemma 4.6. Thus, ϕ is continuous bijection between compact spaces and hence is a
homeomorphism. This completes the proof. 2
Recall that the product A × B of C-compact subsets A and B of spaces X and Y
respectively need not be C-compact in X × Y (take A = X and B = Y , where X and
Y are pseudocompact spaces constructed by Novak [30]). If, however, one of the factors
X, Y is a topological group, the situation changes completely as the following theorem
shows.
Theorem 4.8. If A is a C-compact subset of a topological groupG and B is a C-compact
subset of a space Y , then the product A×B is C-compact in G× Y .
Proof. Let f be a continuous real-valued function on G× Y . Denote by f υ a continuous
extension of f over υ(G×Y ). By Theorem 4.7, the closure (A×B)∗ ofA×B in υ(G×Y )
is naturally homeomorphic to the product A∗ × B∗ where A∗ = clυGA and B∗ = clυY B .
Since B is C-compact in Y , it easily follows that B is Gδ-dense in B∗ (a similar fact was
proved in Lemma 5.5 of [18] for the closure of B in µY , but the proof given there works
for υY as well). Analogously, A is Gδ-dense in A∗. Therefore, A × B is Gδ-dense in
(A×B)∗ ∼=A∗ ×B∗. Since (A×B)∗ is compact and the real line R is first countable, we
conclude that
f (A×B)= f υ(A×B)= f υ((A×B)∗)
is a compact subset of R. 2
The following corollary to Theorem 4.7 implies the Comfort–Ross theorem on the
productivity of pseudocompactness in topological groups [10] and Tkacˇenko’s theorem
about boundedness of a product of bounded subsets of topological groups [32].
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Corollary 4.9. Let G=∏i∈I Gi be a Cartesian product of topological groups Gi . If Ai
is a bounded subset of Gi and A∗i = clυGiAi for each i ∈ I , then
clυG
(∏
i∈I
Ai
)
∼=
∏
i∈I
A∗i .
Proof. The following simple observation enable us to simplify the proof. Let B be a
bounded subset of a topological groupK and L the subgroup ofK generated by B . Denote
by ψ :υL→ υK a continuous extension of the identity embedding L ↪→ K . Then the
restriction of ψ to the closure B∗ of B in υL is a homeomorphism of B∗ onto the closure
of B in υK . Indeed, by Lemma 3.6, the group L is R-factorizable, and hence Theorem 3.3
implies that υL is a topological group containing a dense subgroup L. Therefore, υL is
a topological subgroup of the completion L̂ which in its turn is a subgroup of K̂ . The
conclusion now is immediate.
Applying the above fact, we can assume without loss of generality that for every i ∈ I ,
Ai generates the group Gi . Let f :G→ R be a continuous function. By Theorem 1.1,
the set A =∏i∈I Ai is bounded in G. Therefore, Corollary 2.29 of [32] implies that the
restriction of f to A is uniformly continuous with respect to the bilateral group uniformity
V of G. For each i ∈ I , the Hewitt extension υGi of Gi is a topological group containing
Gi as a dense subgroup (Lemma 3.6 and Theorem 3.3), so G is a dense subgroup of
the Cartesian product Gυ = ∏i∈I υGi . It is clear that the restriction of the bilateral
uniformity Vυ of the groupGυ toG coincides with V . Therefore, the function f |A extends
continuously over the closure Aυ of A in Gυ . Note that Aυ =∏i∈I A∗i .
Let υG be the Hewitt realcompactification of G and ϕ :υG → Gυ a continuous
extension of the identity embedding i :G ↪→ Gυ . The argument in the proof of
Theorem 4.7 enables us to conclude that the restriction of ϕ to the closure A∗ of A in
υG is a one-to-one continuous mapping of the compact set A∗ onto Aυ , and hence ϕ|A∗ is
a homeomorphism. This completes the proof. 2
Added in proof. Theorem 3.3 remains valid for the Dieudonné completion µG of an R-
factorizable groupG. The proof of this result makes use of the facts that an R-factorizable
group G satisfies c(G)6 c and every metrizable space of cardinality 6 c is realcompact.
For details, see Theorem 5.23 of [35].
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